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Abstract 

We give a combinatorial description of the rational cohomology of the moduli spaces 
of pointed genus 1 curves with n marked points and level A'' structures. More pre- 
cisely, we explicitly describe the E2 term of the Leray spectral sequence of the forgetful 
mapping Mi,n(A'^) — > M.i,i{N) and show that the result is isomorphic to the rational 
cohomology of Mi.„(A'^) as a rational mixed Hodge structure equipped with an action 
of the symmetric group &„■ The classical moduli space Mi,„ is the particular case 
N =1. 

1 Introduction 

We denote by Mg^„(-/V) the coarse moduli space of smooth genus g complex curves with 
n marked (ordered) points and level N structures. The purpose of this note is to reduce 
the computation of the rational cohomology of Mi „(A^) to an explicit but slightly messy 
problem in linear algebra. 

The strategy can be outlined as follows. We have a forgetful mapping Mi^„(A^) ^ 
'Mi^i{N): we take a curve and forget all the marked points but one. (It does not matter which 
point we retain since the action of an elliptic curve on itself by translations is transitive.) 
The corresponding Leray spectral sequence degenerates in the second term for dimension 
reasons (the base is non-compact and 1-dimensional). Our first task will be describing this 
spectral sequence. Luckily, this is more or less standard, and the main techniques we'll be 
using are 



B. Totaro's interpretation [3^ of the Cohen- Taylor spectral sequence ^Tj for the coho- 
mology of the ordered configuration space of a smooth complex projective variety as 
the Leray spectral sequence of the open embedding of the configuration space into the 
cartesian power. 

The "correct" way to introduce the (mixed) Hodge structure in the cohomology of 
a local system that underlies a variation of (mixed) Hodge structures; we shall be 
interested only in the case when the base is a smooth curve, and we shall use the 
version developed by J. Steenbrink-S. Zucker [28^ and S. Zucker [38| . 

The Hodge-theoretic interpretation of the Eichler-Shimura isomorphism suggested by 
P. Deligne [8] and proved by S. Zucker [37] (see also Bayer- NeuKirch [2]). 



In some cases minor modifications of these results will be needed. Thus, we'll show 
(theorem |3]) that for an genus 1 curve E, the mixed Hodge structures on H* {F{E,n),Q) 
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coincide with those on the Eoc term of the Leray spectral sequence for F{E,n) C E^^ 
(i.e., the rational cohomology groups of the ordered configuration spaces of genus 1 curves 
decompose as direct sums of pure Hodge structures). Our proof works for any projective 
Abelian variety, and we conjecture that the result holds for any smooth complex projective 
variety X with bi{X) < 2dimX. We also compute (lemmas [T] and the rational mixed 
Hodge structure on the whole of the cohomology of the Hodge local systems on Mi_i(A^), and 
not just on the image of the compactly supported cohomology (aka the Eichler cohomology). 

As in [TS], we first deal with the cohomology of the fine moduli spaces Mi_„(-/V), N > 2 
by studying the Leray spectral sequence of the bundle Mi_„(7V) — >• Mi,i(7V) and then take 
the SL2(Z/iV)-invariant part. 

The paper is organised as follows. In section[5]we state our main results and sketch some 
proofs. In l2.1l we introduce some notation and describe the rational cohomology algebras of 
3V[i.„ (theorem [T]) and Mi^„(A^) in general (theorem [2]) ; the cup product determined up to 
a two term filtration in both cases. 

The subsection l2.2l is devoted to the Hodge structures. In l2.2.1l we describe the complex 
mixed Hodge structures of Mi^„(A^) (theorem!?]) and state a decomposition theorem for the 
rational cohomology of the configuration spaces of genus 1 curves (theorem [3]) . In 12.2.11 
we also give an algorithm for computing the mixed Hodge polynomials of Mi.„(A^) and 
interpret H*{F{E, n), Q), E a genus 1 curve as the cohomology of a certain graph complex. 
In 12.2.31 we describe the rational mixed Hodge structures on the cohomology of the Hodge 
local systems on Mi,i(A^),iV > 2 (theorem [1]) and on Mi,i(2) (corollary [2]) and Mi,i(l) 
(corollary ^ . 

In the remaining sections we prove the results stated in [2] 

I am grateful to Jozef Steenbrink for patiently answering many questions about the mixed 
Hodge theory and to Samuel Lelievre for a reference. 

This is a preliminary version of the paper. The final version will be considerably shorter 
and include some examples of calculations (which this version does not). It will also include 
a discussion of the real homotopy type of the spaces Mi.„(iV). 

2 Statement of results and discussion 

2.1 Rational cohomology of Mi „ as a topological space 

We begin with the topological part of the story. As promised above, our description will be 
quite complicated, so we'll need to introduce a lot of notation first. 

2.1.1 Cohomology of configuration spaces 

Notation. For a topological space X, we denote by F{X,n) the space of ordered configu- 
rations of n points on X, i.e., the space formed by all (xi, . . . , Xn) G X^" such that Xi ^ Xj 
for i ^ j- 

Let n be a positive integer. Let An be the graded commutative Q-algebra generated by 
the elements a^, i S {1, . . . , n}, b^, i e {1, . . . ,n} and Ay, i ^ j, i, j G {1, . . . ,n} of degree 1 
with the following relations: 

Ay Aj,,iJ G ^ j, (1) 

AijAjk + AjfcAfci + Afei Ay = for any pairwisc distinct indices j, j, k G {1, . . . , n}, (2) 



2 



Aijai = Ay-aj, Aybi = Aybj,j,j e {1, . . . ,n},i ^ j. 

We equip An with a differential graded algebra structure by introducing the differential d 
defined by d{ai) = d{hi) = for any i g {1, . . . ,n} and d{Aij) = b^a^ + bjaj — (b^a^ +hjai) 
for any i,j £ {1, . . . ,n},i ^ j. We shall denote by IK„ the cohomology algebra of {An,d). By 
the results of B. Totaro [33 , Jf„ is the rational cohomology algebra of the space F{E, n) of 
ordered configutations of n points on an genus 1 curve E, and An is the E2 term of the Leray 
spectral sequence of the open embedding F{E, n) C E^"-. Note that (a.^, b^) corresponds to 
a negative basis of the of the i-th factor in i?^"; this choice will be explained later. 

The elements G An are obviously cocycles; let 3„ C be the ideal 

generated by the cohomology classes of these cocycles, and set ®„ — IK„/IJ„. An genus 1 
curve E acts on the configuration space F{E,n) by shifts. The classes in 3-C„ of 
and X]r=i restricted to any orbit of this action span the of the orbit. Moreover, the 
subalgebra of IK„ generated by these classes is obvuously isomorphic to H*{E,'Q), and we 
get a splitting 

H*iFiE,n),Q)^H*iFiE,n)/E,Q)®H*iE,Q) (3) 

that holds on the algebra level. The algebra 23„ can thus be naturally identified with 

H*iF{E,n)/E,Q). 

2.1.2 The actions of SL2(Q) and ©„ 

Now we would like to define an action of SL2(Q) on yi„,3{„ and !B„. For an element 
5= (2^ ) of SL2(Q) and z,j € we set 

5 • a^ = aa^ + chi,g ■ hi = b^i + db^, 5 • A.^ = A^^. 

It is easy to check that this gives a well-defined action on An by algebra automorphisms; 
this action commutes with d. Hence, we obtain an action of SL2(Q) on ?{„ that obviously 
preserves J„ and hence, descends to an action on !B„. 

If a group G acts on a set X, we denote by the set of fixed points of g e G; as 
usual, we set X'~^ = Hgec shall write X/G to denote the quotient space, regardless 

whether the action is left or right; we hope that this will never lead to a confusion. 

The symmetric group (3„ acts on An by permuting the a^'s, the b^'s and the A^j 's. More 
precisely, for a cr € 6„ we set a ■ 34 = a„^i^,a ■ hi = h„^i^,a ■ Aij = Acr(i)_o-(j) ■ This action 
is easily seen to induce an action of ©„ on IK„ and 23„. Since the actions of 6„ and SL2(Q) 
on 25„ commute, 'B^^^'^^ is a graded ©„-module. Now we can state our first result. 

Theorem 1. The rational cohomology o/Mi.„ is additively isomorphic to T)^^^"^^ ©2)*~^ 
with !D* the graded 'Bn-module defined by 




Under this identification, cup product of {b,d) and {b',d'), b,b' G 'Bf^'^^'^\d,d' € 2)* ^, is 

ibb\b-d' + b' ■d+ Mb, b')), 

where fn is some 2-cocycle on sfj'"^''^-' (with coefficients in T)*"^). The symmetric group 
&n OLcts on Dn~^j '^'^'^ &n-ciction on 77*(Mi^„,Q) is obtained from those on 'B^'^^'''^-* 
andD*-^. 
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In order to obtain later information about the mixed Hodge structures, we have to be a 
bit more specific about the actions of SL2(Q) on 7l„, J{„ and ?{„ that we have just defined. 
These actions are easily seen to be algebraic (meaning that the representation mappings 
from SL2(Q) to the groups of Q-automorphisms of the corresponding Q- vector spaces are 
in fact algebraic). This implies that on each space Jf„,®„ there is a natural action 
of the algebra s[2(Q), and these spaces decompose as direct sums of the standard SL2(Q)- 
modules [U Chapter VIII, §1] (recall that Vi,i > is the i-th symmetric power of the 
standard 2-dimensional module). Note also that A^^^^'^'' coincides with the Q-subspace 
yi^si2(Q) consisting of the elements annihilated by all A £ sbCQ); the same holds for 3-C„ 
and 'B„. 

Let Rn : SL2(Q) — ?> AutQ(!B„) and p„ : sl2(Q) EndQ(2?„) be the representation 
morphisms. Set 

^ = ( )'^ = ( 1 = ( -1 )• 

Given nonnegative integers k and i, we define 

e^fc) = kerp„(X) n ker(p„(H) - fcld^^), 

where is the degree i component of "B^. This is, of course, the space of highest weight k 
vectors of the representation p„; i.e., C^(fc) "counts" how many times the module occurs 
in "BJj. Notice that for any k 

i 

is both a !B^'"^^^^-module and a ©„-module. 

2.1.3 Spaces of automorphic forms 

As usual, we denote by r(A^),iV > 1 the kernel of the natural morphism SL2(Z) 
SL2(Z/iV), and we set r(l) = SL2(Z). For a Fuchsian group F of the first kind, we set 
Sk{T), respectively G'fc(F), to be the space of weight k cusp forms, respectively of weight k 
modular forms, for F. See e.g. (571 chapter 2] for the definition and explicit formulae for 
the dimensions of these spaces; note that modular forms are called "integral forms" in |27) . 
We set 

gk,N= dime Gfe(F(iV)), 

Sk,N = dime Sk{T{N)). 

Denote by H the upper half-plane {z e C | Imz > 0}. In the sequel, when considering 
a subgroup of SL2(Z) or PSL2(Z) acting on H, we shall mean the standard left action. 

2.1.4 The cohomology of Mi „(A^): the first version 

Theorem 2. Let fn : Mi.„(A^) — > Mi.i(A^) be the forgetful morphism, and let iEP'^{fn)) be 
the corresponding Leray spectral sequence. Then 
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We have El'^{fn) = forp ^ 0, 1, E°^*{fn) ^ S„ '^^^ as graded algebras, and E^^*{fn) 
is isomorphic to the graded 'B^^'"'^^ -module 

0(e:(fc)S5W(fc,7V)) (4) 

fe>0 

where W(fc, A'') is a Q-vector space of dimension Sk+2,N+gk+2,N concentrated in degree 
and equipped with the trivial action of'B^^'''^\ 

• The cup-product on (E2'^{fn)) in obtained from the product in 'Bf^^^'^'^ and the action 
ofBf'^"^^ on 0j. 

• The natural action of the symmetric group (5„ on Mi^„(A^) covers the identical action 
on the base Mi_i(A^) of fn- The resulting action o/ ©„ on (i?2"^(/n)) is obtained by 
using those on 'B^^'''^^ and C*(fc) described above and the trivial action on W{k,N). 

• Just for the record, let us state that the spectral sequence degenerates in the 
second term i.e. E2{fn) = £^3(/ri) = • • ■ = EooUn)- 

Remark. The components W(fc, N) are of course nothing else but the cohomology of 
r(A^) with coefficients in the standard k -\- \ dimensional module V^; in the case N > 2 
this is the same as the cohomology of the quotient of the upper half- plane by r(iV) with 
coefficients in the local system corresponding to Vk ■ 

The theorem implies that we have an exact sequence 

0^1 ^H*{Mi^n{N),Q)^A^O (5) 

where A = E2'*{fn) is a graded algebra and / = i?2'*~^(/n) is a graded A-module and an 
ideal in H* {M.-i^i{N) , Q). The general theory of spectral sequences tells us that the product 
of any two elements from I is zero, and the product a'x oi x € I and an element a' lifting 
a G Ais just a-x. But a priori there is no reason the sequence ([5]) should split multiplicatively, 
or equivalently, that H* {Mi,n{N),Q) contains a subalgebra that is mapped isomorphically 
onto A. We believe this is the case but for the moment let us state the following as a 
conjecture. 

Conjecture 1. There exists a subalgebra o/ _ff*(Mi_„(A^), Q) that restricts isomorphically 
onto A = E"-* ^ Bf^^'^'^K Hence, i7*(Mi,„(A^), Q) ^ E2{fn) as algebras. 

2.2 Mixed Hodge structures 

2.2.1 Configuration spaces of elliptic curves 

Due to the above-mentioned geometric interpretation of Am this algebra is equipped with 
a mixed Hodge structure, which we now describe. 

Let A(n) be the graded commutative algebra generated by the degree 1 elements 
Aij", i,j — 1, . . . ,n,i ^ j modulo relations ([T}, This is in fact the rational cohomology 
algebra of F{C,n). We introduce the Tate Hodge structure of weight 2i on the degree i 
part of A{n). To a product A of the A^ 's there corresponds in an obvious way a partition 
J(A) of {1, . . . , ri}. For such a partition, let Aj(n) be the vector subspace of A(n) spanned 
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by the monomials corresponding to J, and let A''(n) be the degree q part of A(n); set 
Aj(n) = A'?(n) n Aj(n). By definition, we have Aj(n) = if the number | J| of the elements 
of J is < n — q. On the other hand, it is easy to show (using A''(fc) = H''{F{C, k),Q) = if 
q> k-1) that A'^j{n) = if | J| > n - g. 

Let us recall the isomorphism from 33] between A„ and the E2 term of the Leray spectral 
sequence for F{E,n) C £'^". 

Notation. Let J be a partition of {1, . . . ,n} into | J| subsets. The muUidiagonal Ej^'^^ 
is the subvariety of i?^" defined by the condition that the "coordinates" with indices in the 
same element of the partition should be equal. 

We have 

^^f = AS(n)®i/P(£;,^("-^\Q), 

\J\=n-q 

where J runs through the set of partitions of {1, . . . , n} into n — q subsets. Notice that £'2' 
carries a natural pure Hodge structure of weight p + 2q. 

Let us describe the differential d2. If X is a smooth closed manifold, we have a natural 
mapping H*{X) 7j*+dimBX^j^x2^ given as the composition of the mapping induced by 
either of the two projections and the cup-product with the class of the diagonal. Thus, 
if the partition J' is obtained from J by subdividing one of the elements into two non- 
empty subsets, we have a mapping // : H*{Ej^-^^,Q) ->■ H*+^{Ej}-^'^,q) obtained from 
the obvious commutative square 

^x|,/| ^ ^xU'l 



^x\J\ diagxid ^^|^/| 

Now if X = Ai • • • Aq y e -Ef' where any A; is one of the A^ 's, we have 

d^ix) = ^(-i)'+i(Ai ... A^ ... A,) ® rjlt--Z)'^'^(yy (6) 

The cup product on E2 is described as follows. Let Ji and J2, | Ji | = ft — ii, | J2 1 = n — i2 
be two partitions (where Ji U J2 is the finest partition refined both by Ji and J2). We have 
the natural product mappings 

j^x{n-ii-i2) _^ ^x(n-ii) ^ ^x(ri-i2) 
Jl U J2 Ji J 2 ' 

inducing the cohomology mappings 

^Pi(^x(«-»i)^Q) ^^P2(^x(„-»2)^Q^ ^ iJ''i+P^(i;^/"7;^"'^\Q). (7) 
On the other hand, the product in A(n) gives us 

A J, (n) ® A J, (n) C Khu.j^ {n). (8) 

It can be checked that Aj^ [n) -Aj^ {n) ~ unless | Ji U J2I =71 — 11—^20 The tensor product 
of (0) and © is equal to (-1)pi+92 times the cup product « -> i;Pi+P2,9i+92 ^ 



'-Indeed, if | JiU J2I 7^ n— 11—12 , then | J1UJ2I > 1^—11—12, so we have Aj^ (n)-Aj^ (n) = A^^ (n).Aj^ (n) C 

+ 12 / 
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We have E^'° ^ J?p(£;^",Q), and E"^^ is the sum of nin^ 1-dimensional subspaces 
Aj(n), J a partition that consists of n — 1 elements. An isomorphism An — >■ E2, which 
gives us the mixed Hodge structure on An, is now constructed by picking a negative basis 
of H^{E,Z) C H^{E,Q) and mapping the a^'s and the b^'s to eI'^ and the A^^'s to E^''^ . 

The differential d on An is strictly compatible with the mixed Hodge structures that we 
have just described; we equip iK„ and !B„ with mixed Hodge structures induced from An- 

Let ei and 62 be the elements of Hi{E,'Z) that correspond to the elements 1 and r of 
the lattice (1,t), and for = (° ^ ) G SL2(Z) let Rg be the R-linear mapping C C that 
takes 1 to CT + d and r to ar + b. In this way we get a right action of SL2(Z) on Hi{E, Z) 
and a left action of SL2(Z) on H*{E,'Z). Let (a, b) be the basis of H*{E,Z) such that 
a(ei) = b(e2) — 0, a(e2) — b(ei) — 1; an element g G SL2(Z) as above takes a to aa + cb 
and b to ca + db. 

Theorem 3. There exists an SL2(Z) x &n-equivariant algebra isomorphism Jf„ — >■ 
H*{F{E,n),Q) that is compatible with the mixed Hodge structures and takes the classes 
of a.i and hi, i = 1, . . . , ri to the restrictions to F{E, n) of the pullbacks of a and b under the 
i-th projection E^"' — > E. 

Remark. Note that Totaro proves that Jf„ = H* {F{E,n),Q) as algebras using 
Deligne's grading of the weight filtration [ini §4]. This grading in general not compati- 
ble with the Hodge filtration. Hence, Totaro's argument does not allow one to compute the 
mixed Hodge numbers, and the mixed Hodge structure on An = E2 described above has 
apriori nothing to do with the one on H*{F{E,n),Q). But luckily, the Leray spectral se- 
quence of any morphism of complex algebraic varieties comes equipped from the second term 
on with a functorial mixed Hodge structure, which is compatible with all the differentials 
and the mixed Hodge structure on the cohomology of the source, see Saito [53] or Arapura 
[T]. (Arapura considers only projective morphisms, but the result extends to the general 
case [25l 6.1].) Now, the functoriality alone easily shows that the mixed Hodge structure 
on the E2 and £^00 the Leray spectral sequence of F{E,n) C i?^" coincides with the one 
described above. 

It is easy to see that the Leray filtration on H* {F{E,n),Q) that corresponds to the 
morphism F[E,n) C E'^" coincides up to a shift with the weight wiltration (cf. [321 4]), 
which implies that the action of SL2(Z) preserves the weight filtration on H* {F{E,n),Q) 
and we have = GrJ^(_ff*(F(£', n), Q)) as algebras, G-modules and Hodge structures. So 
to prove theorem [3] it would suffice to prove that H*{F{E,n),'Q) decomposes as a direct 
sum of pure Hodge substructures that are preserved under the action of SL2(Z) x S„ (and 
the algebra isomorphism would follow automatically from the compatibility between the 
cup-product and the mixed Hodge structures). This will be done in subsection [3] 

Let Bn be the image of the natural (algebra) monomorphism H*{F{E,n)/E,Q) ^ '^n', 
clearly, Bn is a mixed Hodge substructure of J{„ isomorphic to H*{F{E,n)/E,Q). The 
subalgebra A of M„ generated by the classes of J2 ^^'^ X] is a Hodge substructure too. 
We have Jin =3n(BBn as mixed Hodge structures (since J„ is the image of A-^ Bn under 
the mixed Hodge structure isomorphism A _B„ iK„). We get the following corollary of 
theorem |31 

Corollary 1. Equip 25„ = J{„/3„ with a mixed Hodge structure induced from We 
have then Tin — Bn = H*{F{E,n)/E,Q) as algebras, mixed Hodge structures and SL2(Z)- 
modules. 
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Notice that the weight filtrations on An, O-Cn and 23„ (as opposed to the Hodge filtrations) 
do not depend on the choice of E. Let us now take E = C/{l,i). The Hodge filtrations will 
then be defined over Q(i). 

2.2.2 The forgetful morphism Mi,„(A^) Mi,i(7V) 

As noted above, the Leray spectral sequence of any morphism of complex algebraic varieties 
is equipped with a natural mixed Hodge structure. We describe it here for the forgetful 
morphism Mi,„(A^) Mi,i(7V) 

Theorem 4. We use the notation of theorem\^ 

• The mixed Hodge structure on = 'B^'^''^^ is induced by the inclusion 'Sfi'"^^® C 
23„. This mixed Hodge structure is the direct sum of Tate structures and does not 
depend on the choice of the genus 1 curve E . 

• The mixed Hodge structure on E^'* ^ ®k>ai^ni^) ® W(fc,A^)) is induced by mixed 
Hodge structures on C*(fc) and W{k,N). The mixed Hodge structure on C*(fc) is 
described as follows. 

Let (Wj) and {F_^) be the weight and the Hodge filtrations on Hn Identify 
C*(fc) with its image in Tin ®QQ(i) under the inclusion c c(8)q 1. The mixed Hodge 
structure on 6* (fc) is obtained by seting 

w, = w:,_,ne:(fc), 
pp ^ n e:(fc)) ®Q c c e;(fc) ®q c. 

This mixed Hodge structure is also the direct sum of Tate ones. 

• We describe here the complex mixed Hodge structure on W(fc, N); the rational one will 
be described later (theorem\^. 

The quotient Wi(W(fc, N))/W^-l{^N{k, N)) is nonzero, iffi = k+\,2k + 2. We have 
dimM^fe+i(W(fc,iV))/T4^fe(W(fc,7V)) = 2sk+2,N- The Hodge structure on 

W2k+2{^{k, N))/W2k+i (W(fc, N)) 

is Tate, and the Hodge decomposition of Wk+i{^{k, N)) ® C contains only (0,fc+ 1) 
and (fc + 1, 0) components. 

As in the case of theorem [2l the general theory ([26] or [1]) tells us that the sequence ([5]) 
is a sequence of mixed Hodge structures, but a priori there is no guarantee it splits. And 
again, it turns out that it actually does. 

Theorem 5. There exists a Hodge substructure o/ -ff*(Mi,„(iV), Q) that restricts isomor- 
phically to A ^ E°'* ^ S^^"'®. Hence, H*{Mi^n{N),Q) ^ E2{fn) as algebras equipped 
with mixed Hodge structures. 
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For a complex algebraic variety V, we define the mixed Hodge polynomial of V to be 
PmHdg(^^) = t''uPv''dimc{GTPpGrY+gH''{V,C)). 

n,p,q 

By setting in this expression v = u, respectively, u — v — 1, we get the Poincare-Serre 
polynomial, respectively, the Poincare polynomial, of V. The mixed Hodge polynomial of 
V with compact supports (which we denote by PmHdg,c) is obtained by replacing H"" by 
TJ" in the definition of PmHdg! by specialising PmHdg,c at t — —1 we get the Serre char- 
acteristic oi V. If there is a finite group G acting on V by automorphisms, we define 
the equivariant mixed Hodge polynomial ^'i^Hdg(^) '^^ obvious way. I.e., we replace the 
dimension dimc(Gr^ Gr^^ C)) (which is the image of Gr^ GrJ;^^ C) in the 

Grothendicck group of finite-dimensional vector spaces) by the image of Gr^ Gr^^ iJ"(y, C) 
in the Grothendieck group of finite-dimensional G-modules. 

Theorem |4] gives us the following algorithm of computing the mixed Hodge polynomials 
of Mi^„(iV). We denote by R{G) the ring of (complex finite-dimensional algebraic) represen- 
tations of an algebraic group G. Recall that above we have explicitly described the second 
term (-Ef) of the Leray spectral sequence of the embedding F{E, n) £'^" and introduced 
an action of SL2(Z) x (5„ on it; this action extends to an action of SL2(C) x ©„ on the 
complexification of (E^'^). For any p, q set gp^q to be the image of E^'^ (8) C = E^ (g) C in 
i?(SL2(C) X e„); we have gp^g = Y.^o9l,q[^i] where g^ g G i?(6„). The expression 

j=0 p+q=j i 

is in fact a polynomial G i?(SL2(C) x 6„)[i, u, v] and is divisible by 1 -I- t[Vi] + t^. Denote 
the quotient by H and decompose H as above: H — J^i^-ii^i] with hi G R{&n)[t,u,v]. 
The equivariant mixed Hodge polynomial ^'mHdg(-'^i,n(^)) then equal to 

oo 

ho + tYh+2,N{u'+^ + V'+^) + (5,+2,JV - S^+2M){uvy+^]h^. 
i=0 

Finally, let us note that there is an alternative way of looking at the algebra An — £'2 ■ 
Let ? be the set of all forests (disjoint unions of trees) with the set of vertices equal to 
{1, . . . , n}. (Thus we allow "free" vertices not adjacent to any edge.) Set A — H*{E, Q). To 
each F G J associate the (unordered) tensor product V{F) = yi»the components of _ jf ^j^g 
partitions of {1, . . . , n} corresponding to -F2 G coincide, we have a natural identification 
y(Fi) ^ 1/(F2). 

The algebra An is additively isomorphic to ^pes'^i-^) considered modulo the Arnold 
relation 1^, which can be translated in terms of forests as follows. Take an F G three 
indices i,j, k whose the F-components are pairwise distinct, and let , Fj^ and F^i be the 
graphs represented on Figure [TJ we set then vi + V2 + v-^ — Q for any vi G V{F U F^ ), V2 G 
y(FUFjfc) and v^. G F(FUFh) that are identified under V{F^j) ^ V{Fjk) = V{Fki). More 
precisely, to fix an isomorphism 0^ggr y(F)/Arnold An = F2 let us assume that the 
subsets {i,i} C {!,..., n} are totally ordered, say, lexicographically. There is a natural 
isomorphism ap ■ V{F) ^ i?*(Fj Q) where J is the partition corresponding to F, and 
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i j k 

F- ■ 



i j k 



i j k 



Figure 1. 

we take v £ V{F) to A® apiv) where A is the lexicographically ordered product of A^^'s 
that corresponds to F. 

To see what becomes of the cup product, let us note that if F = Fi U J^2 , -F, J^i , £ 5", 
then we have a natural map Pf^^Fo_ ■ ^{Fi)® ^(^2) — >■ y{F). Now, given arbitrary Fi, F2 £ 
9^, the product of the classes of vi G V{Fi) and V2 G V{F2) is zero if Fi UF2 contains cycles 
and is otherwise equal to the class of (— ®V2) where is the degree of vi 
and £ accounts for the difference between the lexicographical ordering of the edges of Fi U F2 
and another ordering obtained by first taking the ordered edges of Fi and then the ordered 
edges of F2. 

Let us also translate the formula ^ for the differential. If F' e 3^ is obtained from F e 3" 
by deleting one edge, we have a morphism : V{F) — V{F') induced by the mapping 
iJ*(F,Q) ff*+2(F^2 Q) described on page El For the class of v e V{F),F e J we have 
then 

i 

where U is the i-th edge of F and Fi. is F minus U. 
2.2.3 Rational Hodge structures on W(fc,iV) 

Theorem |4] takes care of the complex mixed Hodge structures. The most explicit way to 
describe the rational ones is probably via group cohomology. Given a group G and a G- 
module V, we define the cochains C*{G,V), the cocycles Z*{G,V) and the coboundaries 
B*{G,V) using the standard bar resolution (see, e.g., |6] or [l2]). 

Consider a finite index torsion free subgroup F C PSL2(Z). A special polygon for F (see 
pOph is a convex hyperbolic polygon P C H equipped with a fixed point free involution a 
of the set of the sides of P such that 

1. All vertices of P belong to Q U {00}. 

2. F is freely generated by the elements of PSL2(Z) obtained by picking, for any pair of 
sides of P that are identified under cr, a transformation G PSL2(Z) taking one to the 
other in an "orientation-reversing" wajH, see [2(11 section 2.5] for details. 

The free generators of F obtained from the second condition, and the inverses thereof, 
will be called side-pairing transformations. 

^Special special polygons are defined in 1201 for an arbitrary finite index subgroup F C PSL2(Z); in the 
sequel we shall not need the general case. 

^The choice is unique, up to taking the inverse, since we are considering transformations from PSL2(Z). 
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For every F as above there exists a special polygon [201 theorem 3.3]. Special polygons 
for the groups r{N),N < 12 were constructed in [20] (we identify F(A^) with its image in 
PSL2(Z)); in fact, [SD] describes some kind of a procedure that "involves trial and error" 
and enables one, given an integer N (and a certain amount of luck), to construct a special 
polygon for F(A^). 

Vertices of P are, of course, cusps of F. If u is a vertex of P, then a generator of 
the parabolic subgroup Ty = {g e T \ g ■ v = v} can be written as a product of side- 
pairing transformations as follows. Let / be a side of P adjacent to v, and let gi be the 
side pairing transformation that takes I to cr{l). If gi{v) =/= v, then let g2 be the side-pairing 
transformation that takes I' to (t{1'), with I' the side of P adjacent to g{v) and different from 
gi{l), etc. We continue in this way, until we have found the first i such that {gi • ■ • gi) -v = v; 
the element gi - • ■ gi generates F^ . 

Let us fix an > 2. Take a special polygon P,a for F(A^), and construct a system 
S = {51, . . . ,gs} of free generators of F(A^) as above. Let T : T{N) AutQ(Vfc) be the 
representation morphism for the module (which was defined on pageH]). Let (ei, 62) be 
the standard basis of Vi . 

Theorem 6. There exists an isomorphism 

W{k,N)^H\r{N),Vk) (9) 

that satisfies the following. 

1. The subspace Wk+i{W{k, N)) is identified with 

f|ker(i/i(F(iV), Vfe) ^ H\r{N),,Vk)) 

V 

with V running through the set of vertices o/pQ 

2. For a modular automorphic form f of weight k + 2 for T(N) and any zq G H, the 
function S/ : F(A^) — > ® C defined by 

rgzo 

S/(g)= / fiz){ze,+e2)''dz 

J Zo 

is a cocycle £ .^"'^(F(A^), Vfe ® C). (The integration path can be chosen to be any 
rectifiable path in H joining zq and g ■ zq.) 

If we complexify (0), the subspace Fk+i{W{k, N) (g>C), respectively, 

Fk+i (w(fc, iv) ® c) n Wk+i (w(fc, iv)) ® c, 

is identified with the subspace spanned by the classes ofSf,f G Gfe-|-2(r(A^)), respec- 
tively, by the classes o/S/,/ G Sk+2(r{N)). 

Explicitly, we can view Z^(F(7V),Vfe) as the Q-vector space of all functions S — V^; 
indeed, since T{N),N > 2 is free, each such function a can be extended to a cocycle 
a' : F(iV) ^ Yk by 

a'(5i52) = T(gi)a'(52) + a'(gi). (10) 

''One could as well let v run through the set of r(Af)-nonequivalent vertices of P. 
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The 1-coboundaries will correspond to the functions given by gi H> T{gi)x ~ x for some 
a; e Vfc. A function a:S^Yk gives an element of ker(iJi(r(iV), Vfe) ^ i/i(r(iV)„, Vfe)), 
iff the corresponding cocycle a' satisfies = T{g^)x — x for some x G (here g„ is a 

generator of r(iV)„. 

Now let us consider the remaining cases N = 2,1. We shall need the following construc- 
tion. Let G be a group, 7J C G a subgroup, V a G- module and res : H*{G, V) ^ H*{H, V) 
the restriction morphism. If (G : H) < oo, there exists a morphism tr^ : H*{H,V) 
H*{G,V) called the transfer that satisfies tr^ores = (G : H)ldH*{G,v)i see, e.g. ^ chap- 
ter III, §9]. This morphism is induced by the cochain morphism tr^J : C*{H, V) C*{G, V) 
constructed as follows (ibid.; we consider only the case of 1-cochains, since this is all we shall 
need). 

Choose a representative g for any class Hg, g E G, and define a mapping p : G — > iJ by 
p{g) = gg~^- Let a : G — > y be a 1-cochain e C^{H, V); we set 

tr'§{a){g) ^^ga{p{g^^g)), 
a 

where the sum is taken over the representatives g that we have chosen. 
Let f(2) be the image of r(2) in PSL2(Z). 

Corollary 2. If k is odd, then W(fc, 2) ^ H^{r{2),Vk) = 0. 

Suppose k is even. Equip H^{r{2l),Yk),l > with a mixed Hodge structure using 
theorem\^ There exists an isomorphism 

W(fc,2)^Hi(f(2),V,) (11) 

such that the composition the mixed Hodge structure on _ff^(r(2), V^) induced by coin- 
sides with the one induced by 

tr^g) : 77i(r(20, Vfe) ^ i/i(f (2), V,). 

(We consider T(2l) as a subgroup o/PSL2(Z); note that T{2) acts on "Vk, since k is even.) 

Since r(2) is a free group, this gives an explicit description of the rational mixed Hodge 
structure on W(/c, 2). 

Analogous statement holds in the case = 1. 

Corollary 3. Equip H^(T(l),Vk),l > 2 with a mixed Hodge structure using theorem\^ 
There exists an isomorphism 

W(k,\)^H\V{l),Yu) (12) 

such that the composition the mixed Hodge structure on _ff^(r(l), V^,) induced by ilS^) coin- 
sides with the one induced by 

t4[]l. H\T{l),Vk) ^ H\rii),v,). 

To make this completely explicit, let us describe the cohomology of r(l) = SL2(Z) with 
arbitrary rational coefficients. Since SL2(Z) = Z/4 *z/2 Z/6, the Mayer- Vietoris sequence 
(see e.g., [6l chapter VII, §9]) implies the following observation (which explains by the way 
theorem [T|) . 
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Observation. Let V be a Q-vector space equipped with an action R : SL2(Z) Ant(j{V). 
Then 

H\SL2{I^),V) ^ V^'o^ -1 V (v^i "o^ ) -1 )^ . (13) 

This isomorphism can be easily constructed on the cocycle level. Namely, let a : 
SL2(Z) y be a 1-cocycle, and set 

LetA:V®V^V®Vhethe mapping 

(i?(;V)-idv^)©(i?(;:n-idy), 

and choose a Q-linear mapping B : IniA V ® V such that Ao B — IdimA- If ^(i V ) 
and Ii ) are diagonalisable over C (which is the case for the modules V^), there is a 
distinguished choice for B. Since a|z/4 and alz/g are coboundaries, xi (B X2 G luiA. The 
element B{xi +2:2) is easily checked to be invariant under R(^~q ) , and the isomorphism 
is induced by the mapping that takes a to B{xi © X2). 

2.3 Unsettled questions and discussion 

2.3.1 Mixed Hodge polynomials 

Theorems [2] and |4] give an algorithm to compute the equivariant mixed Hodge polynomials 
^mHdg(-'^i.") ^^"^ ^mHdg(-'^i.n(-^))- However, it would be interesting to obtain closed ex- 
pressions or recurrent formulae for these polynomials. The main obstacle here is that while 
it is relatively easy to obtain the mixed Hodge polynomial of An = E2 of the Leray spactral 
sequence of F{E,n) C i?^", cf. [TS], it is hard to see what happens when we pass to the 
cohomology. 

2.3.2 Relationship to the cell decomposition of the moduli spaces 

It would also be interesting to understand the relationship between the description of 
if*(Mi.„,Q) given by theorems [T] and [2] and the Harer-Mumford-Thurston-Penner cell de- 
composition (of the one-point compactification of Mi.„), see [iTl [5l [24]. 

2.3.3 Relationship to the tautological subalgebras 

It is well known (see e.g., [Ml exercises 3.28 and 4.9]) that the tautological subalgebra of 
H*{M.i,n, Q) lives on the boundary Mi^„\Mi^„. Hence, the results of the present note are in a 
sence complementary (or maybe orthogonal. . . ) to those on the tautological subalgebras (see 
e.g., recent expositary papers [23] and ^ for a description of the topological, respectively 
the geometric, approach). 

3 Proof of theorem [3] 

As remarked above, to prove theorem |3l it suffices to prove that H* {F{E,n),Q) decom- 
poses as a direct sum of pure Hodge substructures that are preserved under the action of 
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SL2(Z) X &n. By the Poincare duality, it suffices to construct such a decomposition for 
7?*(£;x",Z?",Q). 

Let Di, . . . D^n-^ be the diagonals in i?^". We have a spectral sequence {EP"^) converging 
to i7*(£;^",L>",Q) with E"-* = i?*(£;^",Q), 



e 



H*{Dj,n---nD,^,Q),i>o 



l<3l<---<jl<- 



and the differential c?i given by {dia)j = ajo^. ,a £ 



for 



i<ji<' 



e 

■■<ji<- 



> 0. 



(See e.g. [3].) 

All differentials in this spectral sequence are morphisms of mixed Hodge structures and 
the resulting filtration on H*{E^",D",Q) is a filtration by mixed Hodge substructures. 
Since -Ef is pure of weight q, the spectral sequence collapses at E2- 

Given an integer / > 1, let T; be the endomorphism of E defined hy a i-^ I ■ a, and let T^^" 
be the corresponding diagonal automorphism of i?^". Since T;'^" preserves all the diagonals, 
it induces an endomorphism (in fact, an automorphism) of Ei compatible with di, and also 
an automorphism of H*{E^'^\ Z?", Q) which respects the filtration coming from the spectral 
sequence. The endomorphism of E^"^ induced by T^" is times identity. 

Recall that if A is an eigenvalue of an endomorphism f : V V oi a, finite-dimensional 
vector space V , then the generalised eigenspace corresponding to A is the set of all u £ y 
which are annihilated by (/ — Aldy)'^™^. The generalised eigenspaces of a morphism of 
rational mixed Hodge structure are mixed Hodge substructures. 

Since T^" commutes with SL2(Z) x 6„, the decomposition of 7Z*(i;^", I?", Q) into the 
generalised eigenspaces of (XJ^")* splits the filtration coming from the spectral sequence 
both as a mixed Hodge structure and a SL2(Z) x (3„-module.J|k 



4 Proofs of theorems [2] and ID, > 2 

In this section we assume N > 2. 

The moduli space Mi_„(A^) is a locally trivial fibre bundle over Mi^i(A^) = H/r(A^). 
For T G H, let Er denote the genus 1 curve C/(1,t). The i-th direct image of Q under 
this mapping is the local system with fibre H'^{F{Er, Q), t G H. Let us compute the 

monodromy of this bundle. Take a 5 = ^ ) G r(A^) and set E' = Er,E" = Eg.^. We 
have a natural isomorphism E' — >• E" given by 

C/(l, r) = C/(cT + d.aT + b)^ C/(l, ^1±A\, (14) 

CT + d 

Let ei and 62 be the elements of Hi{E',Z) that correspond to the elements 1 and r of 
the lattice (1,t). The monodromy mapping induced by the loop corresponding to g takes 
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ei to dei + ce2 and €2 to bei + ae2, i.e., we get a right action of T{N) on Hi{E', Z) which is 
the composition of the inclusion r(iV) C SL2(Z) and the action of SL2(Z) described above 
on page [T] (It is no surprise that the action is a right one, since the fundamental group of 
the base of a fibre bundle acts on the right on homotopy type of the fibre.) Recall that if 
(a, b) is the basis of H*{E',Z) such that a(ei) = b(e2) = 0, a(e2) = b(ei) = 1, then the 
monodromy induced by g takes a to aa + cb and b to 6a + dh. Note that the subspace of 
holomorphic forms in H^(E' , C) is spanned by ra + b. 

Due to theorem [31 we know the mixed Hodge structure on H^{F{Er,n)/Er,Q) = 'Bn, 
as well as the algebra structure and the action of SL2(Z). A direct check shows that the 
natural action of SL2(Z) on An can be extended to an algebraic action of SL2(Q). 

Let us now describe the mixed Hodge structure on An more explicitly. 

Given an element r 6 H and an integer fc > 0, we define the rational mixed Hodge 
structure of weight k as follows. Let (ei, 62) be the standard basis of Q^. The underlying 
Q- vector space of is set to be = Sym'^Q^, and we define the (p, q)-component of 

(g) C = Sym*"^ C2 as the one-dimensional subspace spanned by 

(rei +62)^ • (fei +e2)«. 

As usual, for a Q- vector space V equipped with a mixed Hodge structure, we let V{i), i S 
Z denote the Tate twist V (g) Q(i) of V. 

Proposition 1. The cohomology group iJ* (i?^ , Q) , i > 0,fc > 1 decomposes as a direct 
sum 0/ V[_2j(-i) 's, j 0, . . . , [f] . 

This is an exercise in linear algebra, but since this statement will be important for the 
sequel, we shall give a proof. 

Proof. The Hodge structure on can be described in terms of representation theory: 
there exists a torus T C SL2(C) (that depends on r) and an isomorphism / : C* — s- T such 
that /(z) € C* acts on the {p, g)-coniponent of eg) C via multiplication by zP"''. 

Let us now take VJ" and VJ".0 < I < m. To prove the proposition, it suffices to show 
that (g) ,Q < I < m decomposes as 

; 

as Hodge structures. Write the weight decompositions of VJ and V^„ with respect to T: 

VJ (g)C = V-i®---®Vi, 

VI,® W-m ® • • • ® 

where f{z), z G C* acts on Vi and Wi via multiplication by z*. We have 

vr «) v;^ = v,_,„ © v,_,„+2 © • • • © Vi+n, (15) 

as SL2(Q)-modules. 
We have 

i+i—p—q 
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with V^j_,_^2j = V,„_;+2j ® C. But the space 'V'^-,_ij^2] ^ {®i+j=p-q ® ^jj is the same 
as 

and the proposition follows. 1ft 

Proposition 2. Let V and W he direct sums of rational Tate Hodge structures equipped 
with the trivial actions of SL2('Q), and let f : ® — > (x)W be a Q-linear morphism of 
mixed Hodge structures. Then the kernel and the image of f are direct sums of Tate twists 

Proof. This is another exercise in linear algebra. It suffices to show that if Q(i) and 
Q_{j) are equipped with the trivial SL2(Q)-actions, than any SL2(Q)-equivariant morphism 
g ■ Q{i) Cg> QO) of Hodge structures is zero unless i = j- If i > j, then this is 

true since the weight of (g) Q(i) is smaller than the weight of (g) Q(j). If j > i, then 
it follows from the compatibility of g with the Hodge filtrations that g has a nonzero kernel 
and hence is zero by the irreducibility of V^,. ^ 

Proposition[T] implies that as an SL2(Q)-module equipped with a mixed Hodge structure, 
An decomposes as a direct sum of Tate twisted V^'s. By proposition [21 so does J{„ (the 
differential d on An is strictly compatible with the mixed Hodge structures and it is easily 
checked that d is SL2((Q))-equivariant). 

Proposition 3. Let H be the direct sum ^ of pure rational Hodge structures. Assume 
that the weights of the 's are parewise distinct, and let V be a rational mixed Hodge 
substructure of H . Then V = ^{V Pi H^) as Hodge structures. 

Proof. Writing the Deligne splittings, we see that F ® C = 0((F C) n C)). * 
Recall that J{„ = 3„ © 23„ as mixed Hodge structures. Since this splitting is compatible 
with the SL2(Q)-action, we see (applying proposition[3]) that 25„ too decomposes as the direct 
sum of Tate twists of V^'s (both as a mixed Hodge structure and an SL2((Q))-module). 

This implies that to calculate the second term of the Leray spectral sequence of 
3Vti,„(A^) Mi_i(iV),A^ > 2, it remains to compute the cohomology of H/r(iV) with 
coefficients in the polarised variation Vfe of Hodge structure [37] determined by the Hodge 
decompositions of V^. Notice that any g G SL2(M) maps the (p, g)-compoment of to 
the (p, q)-component of V^"^, hence we can define the variation for the quotient of the 
upper half-plane by any Fuchsian subgroup of the first kind without elliptic elements. 

Lemma 1. Let T be a Fuchsian subgroup o/SL2(K) of the first kind without elliptic points 
or irregular cusps. Assume that —Id ^ F. Then 

1. The group H^iVL/T ^YfS) is Q(0) if k = and zero otherwise. 

2. ThesubquotientW^{H^{H/T,Yk))/W^-i{H\ll/r,Wk)) is nonzero, iffi = fc+l,2fc+2. 

3. The Hodge decomposition of the subspace PFfc+i(iJ^(H/F, Vfc)) ® C contains only (fc + 
1,0)- and (0, k + 1)- components, each of dimension dim5fc+2(F). 

4. The suhquotient W2fc+2(if^(H/F, Vfc))/W^2/c-Hi(i?^(H/F, Vfc)) is Tate of dimension 
equal to the number of cusps of F for k > and to the number of cusps of F mi- 
nus 1 for k — 0. (Recall that this is equal to dimcGfc+2(F) — dime S'fc+2(F), see e.g. 
^ theorems 2.23-2.25].) 
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5. We have i?-^(H/r,Vfe) =0, if T has a cusp or if k > 0; i/H/F is compact, then 
i72(H/r,Vn)=Q(-l). 

Proof. The first assertion of tfie lemma follows from the fact that there is no element 
of H fixed by all g G r, and the last assertion is obvious. 

Let j be the embedding H/F — > S" where S is the natural compactification of H/F 
obtained by adding a point for each cusp of F (for the details see e.g., [27j §1.5]). We will 
refer to the F-orbits of the cusps of F as the cusps of S. Assertions 2-4 of the lemma will be 
proved by studying the Leray spectral sequence for j. 

The variation Yk is a direct summand of a geometric one, hence the properties (3.13) of 
[25] are satisfied by [551 §5], and Leray spectral sequence of j is a spectral sequence of mixed 
Hodge structures [IHl theorem 4.1]. It was proven by Zucker [371 §12] that iJ^(S', i?°j,Vfc) = 
H^{S,j^Yk) is pure of weight k+1, the (fc+1,0) and {0,k+l) components of 711(5, j„Vfc)(g)C 
are of dimension dim Sk+2 (L) and all other components vanish. This implies assertions 2-4 
of the lemma in the case when the quotient H/F is compact. Assume from now on that F 
has at least one cusp. 

Let us now compute iJ"(5, R^j*Yk)- 

Set Vk = On/r ® and let Vk be the canonical extension of Vk to S, see e.g., [HI p. 
91]. The complex 

= [Vfc ^ Vfc«)l]^(logS)] 

represents i?j*Vfe (g)C in the derived category D~^{S) of sheaves on S (here V is the canonical 
extension of the Gauss-Manin connection Id (8> d and E is the union of the cusps of S) . This 
complex is equipped with the structure of a mixed Hodge complex of sheaves in the following 
way (see [H §4]): we set FP{K^) = [Jp ^ Jp-^ (g) ri^(logE)], and 

{0, i <k, 
K k<i<2k, 
i > 2k. 

(Here 5"^ the intersection of Vk and the direct image of the Hodge bundle S'p on H/F and 
denotes the complex [Vk — ?> Im V].) 

This induces a mixed Hodge structure on iJ*(H/F, Vfc), and also on the cohomology of 

R°j*Yk «) C ker V K', and R^j^Yk C coker V K^/Ki[l]. The complex K^/Ki 
is concentrated at the cusps of S. A simple topological argument shows that for a cusp s of 
S the group H'^{s, R^j^Yk) is one-dimensional; we claim the following 
Claim. The group H°ls, R^j*Yk) is Tate of weight 2k + 2. 

To prove this, it would suffice to show that for any s G S there exists a neighbourhood 
U oi s and a section a of 3^'^ over U \ {s} of s that extends to an section of Vk over U 
and such that ^ ® a ^ Im V where i is a local parameter of S at s. Moreover, it suffices 
to look at what is happening at the cusp Sq that corresponds to the infinity. Indeed, if 
s is any cusp of F, and g G SL2(K) takes s to the infinity, then the mapping z ^-^ g ■ z 
induces an isomorphism H/F — > H/F' with F' = gTg~^ that extends to an isomorphism 
between the natural compactifications of H/F and H/F'. By considering the diagonal action 
of g on Sym'^(C^) x H we obtain an isomorphism (3 : Vk ^ Vj, that covers a and extends 
to an isomorphism Vk — > VJ, where is the canonical extension of the pushforward Vk 
of Sym''(C^) (g) Oh to H/F'. The isomorphism /3 takes aU Hodge subsheaves Jp to the 
corresponding Hodge subsheaves. 
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Let us recall how to construct a local basis for the canonical extension of a flat holomor- 
phic vector bundle. 

Set U = {z ^ C \ \z\ < 1} and U* ~ U \ {0}. If V is a holomorphic vector bundle over 
U* equipped with a flat connection with a unipotent monodromy, then there is a way to 
construct a local basis over 0(C/) of the canonical extension V of V to t/ starting from a basis 
of the space of flat multivalued sections of V (i.e., flat sections of the puUback of V to the 
universal cover of U*), see e.g., [28l proposition 11.3]. Namely, if / : z H> ,z G H, /i > 
is the universal cover and H 9 u i— ^ is a flat multivalued section, then the corresponding 
section of V is f{u) i— >■ e~i^4>{u) where L is the (fibrewise) nilpotent logarithm of the 
counter-clockwise monodromy around zero. Let us apply this to our situation. 

We can take U* ~ Hr/Fo as a deleted neighbourhood of sqi where = {z G C | Imz > 
r > 0} and Fq C F is the subgroup generated by a matrix of the form ( q J ) , /i > 0. (Here 
we use the fact that F does not have irregular cusps.) The universal covering map will then 
be just the projection H^/Fq. Take V to be the restriction of V^. to U* . The puUback 

of V to wiU be the bundle £ = (Sym'=(C2) ® 0(H^)), and the fibrewise monodromy will 
act on each fibre £ via Rk{ \ ) (recall that Rk is the representation morphism associated 
to the module Vj, ® C). If we apply the above procedure to the flat section t n- e| of £, 
we get the section r H> (rei + 62)*'' of £ (cf. [37l lemma 12.10]), which pushes down to a 
section a of the Hodge bundle restricted to C/*H by the construction, a extends to a 
section of . 

Now set [/ = C/* U {so} and take the section a = -f ® cr G F(Vfe ® (log E), U) where 
t = e^s^ is a local parameter of S at sq- We have a ^ ImV. Indeed, let V'™ be the 
space of flat multivalued sections of over [/*, and let L be the nilpotent logarithm of 
the flbrewise monodromy around sq acting on Vk\U* . This extends to an endomorphism of 
Vfe|[/, see e.g., [U theorem II 1.17]. The Poincare residue map takes ImV to IniL, see e.g., 
PSI proof of proposition 11.3]. On the other hand, the mapping V'"° 9 </> 1— ?• G F(Vfe, U) 
is L-equivariant, so the image of a under the Poincare map is not contained in ImL (since 
the section r H> 63 is not). This proves the above claim about iJ'^(s, i?^j',Vfc). 

To summarise, so far we have computed the terms i?2'^ and E\''^ of the Leray spectral 
sequence for j; to complete the proof of assertions 2-4 of lemmalU we have to know the E^'"^ 
term, which is isomorphic to H'^{S, j^^Yk) ^ iJ^(H/F, V^). This group is zero for fc > 0. 

If fc = 0, we have H^{B./T,Yk) = Q, and the kernel of the differential da : E°'^ E^'° 
is of codimension 1 (recall that we are considering the case when H/F is noncompact). 

The lemma is proven. X 

Remark. It follows from the proof of lemma[T]that Wk+i{H^(H./r,Yk)) ® C coincides 
with the image of H^{S, R°j*Yk «) C) in iJi(H/F, Vfc «) C). 

Propositions [1] [51 [3] and lemma [T] allow one to write down the Leray spectral sequence 
for the bundle Mi.„(A^) Mi^i(iV),7V > 2 (this spectral sequence contains only the zeroth 
and the first columns). Thus, to prove theorems [2] and |4] for > 2, it remains to explain 
the mixed Hodge structure on the spaces C* (fc). 

Recall that C*i(fc) counts the multiplicity of in "Bn by counting the highest weight 
vectors with respect to the standard generators X, Y,H of s[2(Q), see page 21 The vector 
space !B„ decomposes as a direct sum of Tate twisted V^'s, and the mixed Hodge structure 
on 6* (fc) simply counts the twists; indeed, an easy check shows that the image in 1^ K oi 

^It is in fact a stroke of luck that we obtain precisely a section of the S^**' in this way, see 1371 remark 
12.13]. 
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an element of kcrX C V^(Z) has Hodge filtration —I (here K is a subfield of C containing r 
and f). 

5 Proof of theorem [6] 

In the previous section we proved that the spaces F''^^ H^(H./r{N),Yk O C) and 
F'=+iWfe+iifi(H/r(iV),Vfc C) are isomorphic to Gfc+2(r(A^)) and S'fc+2(r(A^)) respec- 
tively. Here we show that these identifications can be made SL2(Z/A^)-cquivariant. 

Lemma 2. Let T be a subgroup o/SL2(IR) as in lemma\^Then there exists an isomorphism 
Gk+2{T) ^ i^'=+iffi(H/r,Vfc®C) that identifies Sk+2iT) with F''+^Wk+iH^i'eL/r,Yk(E)C). 
IfT — T{N),N > 3, this isomorphism can be chosen to be SL2{'^/ N)-equivariant. 

Proof. We use the notation from the proof of lemma [TJ The complex F^^^(K^,) is just 
[0 J'' (g) Og(log E)]. We shall now describe the sections of J'' ® Jig (log E). 
To any modular form / G Gfe-|-2(r) we associate the section 

f{z){zei + e2)''dz (16) 

of the bundle Sym''(C^) (g) 0(H) (g) ^^(H). This section pushes down to a section T{f) of 
Vk (g f^H/r- I'^deed, under the natural left action of F on 

r[Sym'=(C2) g) 0(H) g) n^(u)] 
the section (jl6p is transformed by an element g^^ G F into 

z^fig- z){{9 • z)9-' ■ ei + g-' ■ e2fg*{dz), (17) 

which is equal to /(z)(zei + e2)'^dz. Moreover, at each r G H the value of (|16p belongs to 
the {k, 0)-component of V^, i.e., T(/) G F(J'= g) f^n/r)- 

Now let us show that T(/) extends to a section of Vk <S> flgllogT,). Consider first the 
cusp So at the infinity; as in the proof of lemma [l] choose a generator (JJ),/i>Oof the 
corresponding parabolic subgroup of F and a local coodrinate u = e^^,Imz > r > for 
S at So- As we have seen above, there exists a neighbourhood U 3 sq and a trivialisation 
Vk\u — Sym'^(C^) g) Ojj that transforms the section z i— )■ (zei +62)'"' to the constant section 
u !->■ ej. Tensoring by ri^(log{so}) we see that T{f) locally is 

/(Aiogw)e^d2 = /(Aiogw)e^A^?!f. (18) 

Since / is a modular form, u 1—^ /(j^logu) is holomorphic at 0, and T{f) extends to a 
section of Vk\u ® ri^(log{so}). Note that if / is a cusp form, then this extension is in fact 

in Vfc|j7 g) 

Let now s be any cusp of F, g G SL2(M) an element taking s to the infinity. Indeed as 
above (see p. [T7| . set F' = gTg^^, let 5' denote the natural compactification of H/F', and 
set V'f. to be the canonical extension of the pushforward of Sym'^(C^) g) Oh to H/F'. Let 
E' be the set of the cusps of S' and write g~^ = icd)- If ./ ^ Gfe+2(F), then h : z ^ 
{cz + d)~''~^ f{g~^ ■ z) is in Gfc+2(F') (see e.g., [271 proposition 2.4]), and the isomorphism 

Vfc g) fls(logE) ^ V'fc g) 17^, (log E') 
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that covers the natural isomorphism H/F — H/F' takes the section T(/) to T{h). Since 
T{h) extends to a section of V'j, (g) (logS') at the infinity, T{f) extends to a section of 
Vfe (g)f7^(logE) at s. 

To summarise, we have shown that T{f) extends to a section of 3^'' (S> ris(logS), which 
is in fact a section of 5'*'' (g) fig if / G 'S'fc+2(r)- It is easy to check that the converse is also 
true: if s G r(j'' il5(logI])), then s = T{f) for some / S Gfc+2(r). Indeed, restricting s 
to H/F and then pulling pack to H we obtain a section of Oh 'S) that can be written as 
s : 2 i-T- /(z)(zei +e2)'^dz for some holomorphic function / S Oh- Since s is F-invariant, we 
see that / satisfies /(j • z) = (cz + df+'^f {z) for any 7 = ( ^ ^ ) e F, cf. H?]). Moreover, 
since s is a section of ® Q.\,{\og E), we see that / is holomorphic at the cusp at the infinity 
(cf. and, in fact, at any cusp of S, i.e., / G Gfc+2(r). 

Thus / i-> T(/) gives an isomorphism between Gfc+2(r) and r(j''®ils(log E)). It follows 
from the construction of T that if F = F{A^), then T is SL2(Z/iV)-equivariant. We know 
by lemma[T]that the dimension of F''~^^H^{S,Yk <E) C) is equal to dimGfe+2(r), hence, the 
mapping 

Gfe+2(r) ^ r(j'= ® 17s(logE)) = J'^ ® 17s(logE)) ^ F*'-+iHi(if,) 

= F'^+ii7i(H/F,Vfc®C) (19) 

that we have constructed is an isomorphism (here is the complex of sheaves defined in 
the proof of lemma [1]). This isomorphism is SL2(Z/Af)-equivariant if F = F(iV). (To see 
this, recall that the isomorphism IHI^(A'*) = H^(H./T,Yk <E) C) is the composition 

M^K,) ^ M\[j,Vk ^ ]*nH/r]) ^ Hi([Vfe ^ Qu/r]) ^ H\B./r,Yk ® C) 

where the first arrow is induced by the inclusion C [j*Vk — j*^H/r]i the second one 
is the restriction to H/F and the third one is induced by the morphism of Vfe (8) C into its 
holomorphic de Rham resolution.) 

Since we know (lemma [I]) that the diuiF''+^Wk+iH^{Ii/T,Yk ® C) = dimfc+2(F), 
to complete the proof of lemma [2l it remains to show that (|T9)) takes S'fc-(_2(r) to 
F'=+iVFfe+iHi(H/r,Vfe (8)C). This is essentially done in [371 §12] and [2, §4]. But since 
we work in a slightly different setting, let us give a proof. 

Take a cusp form /; as we have seen above, we have then T(/) G r{3^'' (g) fls)- This 
implies that T(/) G Im V. Indeed, let J7 be a neighbourhood of a cusp s isomorphic to the 
unit disc, and let be the section of Vk\u constructed from a flat multivalued section of 
Vk\u, see p. [TH Then (see e.g., [25l proof of proposition 11.3]) 

du 

VaJu) = -N(f>{u) (g,—^ueU* = U\ {s}. 
u 

Applying the Leibnitz formula, we see that the question whether a section a G F(Vfc|(7 (g) 
r2^(log{s})) is in the image of V is reduced to the existence of a holomorphic solution 
X -.W ^ C''+^ of the equation 

P^ — + yiu) (20) 

du u 

where A is a nilpotent matrix of the maximal rank, C ?7 is a neighbourhood of s and y 
is a meromorphic function on U* . If cr is a section of Vk\u ® then the corresponding 
function y is holomorphic, and ()20p has a holomorphic solution. 
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So, the hypercohomology class S If-{K^) corresponding to T{f),f G S'fe4.2(r) is in the 
image of ]H[^(F'^+^(i4r*) nif^); this class has thus weight filtration fc + 1 (since K'^ ~ WkK,,). 
Lemma[2]is proven. J|k 

Now we would like to identify i/^(H/r(7V), Vfc C) (computed using the complex of 
Vfc (g) C-valued differential forms on H/r(7V)) with ffi(r(iV), Vfe (g) C) (computed using the 
bar resolution, see e.g., 1-5 and III.l]) in an SL2(Z/A^)-equivariant way. This can be done 
as follows. 

Proposition 4. Take a base point zq G H and let ui = X]i=o ^i^2~* ® '^i be a closed 1- 
form on H with values in (g C. We put jj^ uj — X]i=o ( la ^1^2 a,b E H. For any 
g e SL2(R) set 

k 

g-uj^ Y,{9 ■ e\){g ■ etl ® (ff"')*^,- (21) 

4=0 

Ifio is invariant with respect to any element ofT{N), then the function S^^ : r(A'^) — >■ Vfe(g)C 
defined by Si^{g) — J^J'" uj is a 1-cocycle; if moreover ui = df for a T[N) -invariant C°°- 
function / : H — > Cg C, then S^j is a coboundary. The mapping w i— > S^j gives an 
31^2(11/ N)-equivariant isomorphism 

S* : H\li/T{N),Yk ® C) ^ i/i(r(iV), Vfc ® C) 

defined over Q. 

Proof. An immediate check shows that Si^ is a cocycle for uj closed, and that Sdf is a 
coboundary, if / G C°° (H, Vfc g) C)^^^) . To show that S* is an isomorphism, let us note that 
any r(A^)-invariant mapping from the orbit of zq to Vfc (g C can be extended to a smooth 
r(Af)-invariant function H Vfc g) C (and hence, any 1-coboundary of r(A^) with values in 
Vfc g) C is in fact Sdf for some / e C°°(H, Vfc g)C)'^(^), which implies that S* is injective). 

The mapping S* is manifestly defined over Q and it remains to prove that S* is SL2(Z/7V)- 
equivariant. Denote the space of C-valued smooth 1-forms on H by £jj. The action of 
g' e SL2(Z/7V) on w e (Vfc g) £^)^(^) is given by (HH) with g being an element of the 
preimage of g' in SL2(Z). Let us now recall how SL2(Z/A^) acts on 7J^(r(iV), Vfc) (see e.g., 
III.8]). 

Let be the standard resolution of Z over the group ring Zr(iV) (see e.g., [6i L5]). For 
any g G SL2(Z) the mapping ag : F* ^ given (in the standard Z-basis) by 

"9(70, ■ • ■ ,7i) = (57off"\---57i5~^) 

is compatible (in the sence of (6} IL6]) with the automorphism 7 H> 5717^^ of r(A^). The 
group SL2(Z) acts on the left on Hom(F,, Vfc)^^^) by {g ■ f){x) = g ■ f{ag-ix),x G F*. 
Identifying as usual Hom(Fi, Vfc)^(^) with Map(r(iV), Vfc) via / >-> (7 i-^ /(1, 7)) we get 
an action of SL2(Z) on C\T{N),\k) given by (5 • F)(7) = g ■ F{g-^^g),F : T{N) Vfc; 
this induces the required action of SL2(Z/A^) on H^{T{N),Y k)- 

Notice that for any a, 6 G H,^ G SL2(M) and a closed 1-form w G Vfc g) £^ we have 
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Let us now take a closed form w G (V^ (g) and elements g G SL2(Z) and 7 G r(7V). 

We have 

Sg.^ij)^ g-OJ^g- uj = g.{ UJ+ cj 



since w is closed. The function 7 5 ■ /^^ '^^ ^° uj = g ■ (Stj(5 ^75)) is g • S,^ and the 
function 





/•9 "^zo \ 




/ ^~ 


y 


= 9 







rg ^-zo 


rg ^ zo \ 


/ 


y 


•'zo 


-'zo / 



7^5' 

V-^S^^TffZo Jzo y Y J Zo 

(rg '-Zo \ rg 'zo 

g- uj \ -g- UJ 

J Zo J J Zo 

is a coboundary. This shows that the cohomology mapping S* is SL2(Z/iV)-equivariant. 
Proposition 2] is proven.^ 

It follows from the remark on page [TS] and [371 proposition 12.5] that when 
we identify i/i(H/r(iV), Vfc) with H'^{T{N),Vk) using proposition gl the subspace 
VFfe+i(i/i(H/r(iV),Vfc)) is identified with 

f|kcr(i/i(r(7V), Vfe) ^ H\T{N\,Wk)) 

V 

where v runs through the set of the orbits of the cusps of r(A^), and T{N)y is the stabiliser of 
the cusp V. This observation, together with proposition [T] and lemma [21 implies theorem [HI 

6 Proofs of theorems [2] and |4], = 1, 2 

To prove the remaining cases of theorems [H and [H let us note that if iVi divides N2 , then 
the group r(A^i)/r(7V2) acts on the moduli space Mi^„(A^2), the quotient being Mi_„(iVi). 
Let us describe this action. Let 5 be a lifting of an element [g] to r(iVi) C SL2(Z) and take 
a r G H. The action of [g] on Mi_„(A^2) in obtained from the action on Mi_i(A^2) and the 
isomorphisms (|14p for all r. 

From this it follows that the action preserves (any) decomposition of ii!*p*Q (where 
p : Mi_„(iV2) Mi_i(A'^2) is the natural projection) as a sum of Tate twisted V^'s (see page 
[TO)) . To show this if suffices to consider the case A^i — 1; we have then r(Afi)/r(iV2) = 
SL2(Z/iV2). The images of { °ih) and {°zl) in SL2(Z/7V2) generate SL2IZ/N2) and 
preserve any decomposition 

R'P*Q = M(i, k, l)Yk{l), k, I) G Z>o 
over [i] and e^^ respectively (here [r] stands for the image of r G H in Mi_i(A^2) = 

H/r(iV2)). 

The action of [g] G r(Afi)/r(A^2) on Vi can be described as follows when converted 
from the natural right action (since the fibers of Vi are cohomology rather than homology 
groups) to the left one. Take a representative g ~ ( c d ) ^Mff] as above, take two genus 
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1 curves E' = Er,T 6 H and E" = Eg.^, let e[,e2 be the elements of Hi{E',Z) that 
correspond respectively to the elements 1 and r of the lattice (1,t), and define similarly 
e'/, e'2' G Hi{E", Z). Finally, set (a', b') and (a", b") to be the bases respectively oiH'^{E', Z) 
and H^{E",Z) that are dual respectively to {e2,e[) and (63, e"). 

The mapping induced by [g] takes (e'^, 63) to {ae'{ — 062, —be'{ + dcj), and hence, (a', b') 
is taken to (aa" + cb", 6a" + dh"). The action of r{Ni)/r{N2) on all Yk is obtained from 
the action on Vi in the obvious way. A Vfc (8) C-valued form T(/) on H/r(A''2) obtained 
from a modular form / S Gfc+2(r(A^2)) by is transformed under by formula ([T7|. 
Theorems H and H for iV = 1,2 follow now from the fact that the space of r(7Vi)/r(7V2)- 
invariant modular forms G Gfe+2(r(A^2)) coincides with G'A;+2(r(-^^i)), and analogously for 
cusp forms, see e.g., [571 proposition 2.6]. 

7 Proof of theorem [5] 

In this section we prove theorem [5^Ve will use the relative version of the multiplication 
by I endomorphism T; , which was already used in section |3] to prove that the cohomology 
of the configuration spaces of an elliptic curve decomposes as a direct sum of pure Hodge 
structures. 

Let E{N) be the universal elliptic curve with a level N structure. As an analytic variety, 
£{N) is the quotient of C x H by the action of the group generated by {z,t) ^ {z + k + 

lT),k,l e Z and (z,r) ^ where ("^ ) e r(7V). Note that this group is 

an extension of r{N) by Z ® Z. There is a natural map £(iV) X{N) = n/r{N); let 
J{E{N),n) be the fibered configuration space i.e. the subvariety of F{£.{N),n) formed by 
the n-tuples {xi, . . . ,a;„) such that all Xi lie in the same fibre. Set £"(A^) to be the n-th 
fibered power of £.{N) over X{N) and denote the fibered fat diagonal £"(iV) \ 3^{£{N),n) 
by D"'{N). For the rest of the section fix a level N > 2. 

Let E he a, genus 1 curve. We will first prove theorem [S] by showing that the mixed 
Hodge substructure of SL2(Z)-invariants n), Q)^'"^'^) extends to a mixed Hodge 

substructure of H*{J{E{N),n), Q). 

Let be the endomorphism of £"(iV) whose restriction to any fibre is multiplication by 
an integer I > 2 (cf . section |3|) . Rather than working with cohomology, we will work with 
the relative compactly supported cohomology groups H*{J{£.{N),n)) = H*{E"'{N), D"-{N)) 
because T; induces an endomorphism (in fact, automorphism) of these groups. 

We denote the natural projection from £"(A^) to X{N) by p. 

7.1 Proof of theorem [5] 

Consider the Leray spectral sequence with compact supports (-E^'"' , dk) constructed from the 
map p : £"(iV) -> X{N) and the sheaf 

:? = j!i~'Q:y(£(jv),„) 

where j is the embedding of 3^{£.{N), n) C £"(A^). Note that 3^ is isomorphic to the complex 
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The map T; acts on the spectral sequence in a natural way; the resulting endomorphism 
will be denoted Tf. The higher derived images with compact supports of J under T; are 
direct sums of Tate twisted V^'s extended to the cusp points by zero. The action of T;* on the 
Leray spectral sequence preserves this decomposition. Note that p covers the identity of the 
base X{N), so the action of 7i on the compactly supported cohomology of the sheaves Wp\J 
is determined by the action on the stalks. If S = Vfc(— i) is a direct summand of WpiJ', then 
T;* acts on S by multiplication by /^j+fe (regardless of j). Note also that the Leray spectral 
sequence has only two nonzero columns, the first and the second, since HJ!^{X{N),Y) = 
unless m = 1 or 2. 

By the Poincare duality and the calculation of the cohomology of Vfc, see lemma [TJ the 
weight filtration on H^{X{N),Yk) jumps at and fc + 1, i.e. if W^ = W^Hl{X{N),Yk), 
then Wi/Wi^i ^ iff i = 0, fc + 1. So we can represent H^(X(N),Yk{—i)) as a direct sum 
of two pure Hodge structures Vi © V2 such that Tj* acts on Vi by multiplication by 
and on V2 by -^^Jiere Wm, to = 1, 2 is the weight of a nonzero element of Vm- 

If / 0, then Hl{X{N),Yk) = 0. The group Hl{X{N),Yo) ^ Q(-l) is pure of weight 2. 
So T* acts on iJ^(X(iV), Vo(i)) by multiplication by where w is the weight of a nonzero 
element of if2(X(Af), Vo(i)). 

Let Ea C -ff *(?'(£, n), Q) be the generalised eigenspace of Tj* corresponding to the eigen- 
value P. Each Ea is a mixed Hodge substructure. 

Claim. 0^ Wa+iEa projects isomorphically onto the first column of the Leray spectral 
sequence of p. 

Proof of the claim. Set E^ to be the degree i part of Ea- The Leray filtration gives 
the exact sequence of mixed Hodge structures 

0^ El^n E^''^^ -^E'a^ the image of E'^ in E^'"'^ ^ 0. 
To simplify the notation let us temporarily denote Qgr^g^jy-j „•) Q. The intersection 

E^ n £"2'*"^ is the generalised eigenspace of E'^'^^'^ corresponding to 1°' . This is a Hodge 
substructure isomorphic to 

Hl{X{N),Y,{-j)), 

Vo(-j) C 

2j=a 

which is pure of weight 2 + 2j = 2 + a. 

The image of i?^ in i?2 is the generalised eigenspace of E\'^~^ corresponding to 
which is isomorphic to 

Hl{X{N),Yu{-3)). 
2j + k = a 

A non-zero element of the latter group has weight 2j = a — fc or 2j' + fc + 1 = a + 1 ; in both 
cases the weight is < a -I- 2. 

Since morphisms of mixed Hodge structures are strict, the weight subspace Wa+iE^ 
projects onto the image of E^ in E^''^^. Since a non-zero element of E^ ni?2'*~^ has weight 
a + 2, the intersection Wa+iE^ fl (i?^ H-Ej''^^) = so the map from Wa+iE^ to the image of 
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El^ in eI'^~^ is injective. So Wa+iE^^ projects isomorphically to the generalised eigenspace 
of E\'^~^ corresponding to P. The claim is proven. 

Theorem [5] follows from the claim since the Leray spectral sequence for cohomology is 
dual to the Leray spectral sequence for compactly supported cohomology. 
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